Cramer’s Rule (Math 71X)
Cramer’s rule involves using determinants of matrices to solve systems. Before we can apply this rule, we
must understand how to find the determinant of a matrix. A matrix is just a rectangular arrangement of
numbers. Square brackets are used around the arrangement.

These are all examples of matrices. We identify matrices by the number
11 7 8 .
3 of rows and columns. The rows are horizontal and the columns are
8 -2 2 3 0 vertical. The matrix on the far left is a 2x2 matrix. The matrix in the
12 4 0 5 7 _9 middle is a 3x1 matrix (the number of rows comes first and then the
-1 number of columns). The one on the right is a 4x3 matrix.
13 5 -3

If the matrix has the same number of rows as it does columns it is called a square matrix. All square
matrices have a determinant.

) .. a e i i
The determinant of a 2x2 matrix is denoted by Notice that a marix hqs square
b d brackets, but a determinant has
a ¢ vertical lines.
To evaluate a 2x2 determinant use d‘ =ad —-bc
c b a ¢

Cramer’s Rule

. ax+by=c . f e d f

The solut f th tem : b = =
e solution of the system {dx+ey=f} is given by X b y b
d e d e

If the determinant in the denominator is zero, then one of two things is implied:
1. Ifall the determinants in the above formulas are zero (both numerators and the denominator), then the system is
dependent.
2. If the denominator is zero and there is at least one numerator that is not zero, then the system is inconsistent.

We will solve a system using Cramer’s Rule.
ex: 6x — 5y =-23

3x+3y=16 Notice that when looking for x, we replaced the
x-term coefficients with the constants in the
-23 _5§ 6 —2 numerator and when looking for y, we replaced
the y-term coefficients with the constants in the
16 3 3 16 .
X=r—"1 y=—— numerator. In the denominator, we constructed
6 -5 6 -5 our determinant with the x and y-term
3 3 3 3 coefficients. This will help us remember the rule.

- (239(3)-(16)(-5) _-69+80 _11_1

value (33 in this case), so you really don’t need
to calculate it again when looking for the second
5 variable.

6)(3) - (3)(-9) 18+15 33 3 / The denominator of each fraction is the same

_(6)(16) - (3)(-23) _96+69 165
~ (6)3)-(3)(-5) 18+15 33

(% 5] » Answer. The check is left up to you.
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Cramer’s rule can be applied to larger systems of equations, but first we need to define a 3x3 determinant.

a b c
The determinant of a 3x3 matrix is denoted by |[d e f
g h i
a boe f d f d
. e e
To evaluate a 3x3 determinantuse |[d e f|=a - ‘— b‘ A
i i
g h i g g
Notice that the sign in the middle is negative. The sign matrix on the right tells us the signs in our + -
expansion, just look at the positions of the numbers in the determinant. So the number “a” has a plus - 4
sign in front in the expansion, “b” has a minus sign and “c” has a plus sign. N
To get the 2x2 determinant parts, we “cross out” the row and column containing the given number in
the top of row of the 3x3. The 2x2 part left over is what we multiply by that number. For example, if | aei
we want the 2x2 determinant that goes along with b, we would cross out the first row and the second
column, what is left over is the 2x2 determinant containing d & f in the 1% row and g& i in the 2™ row. d £
g h

We may evaluate a determinant by expanding over any row or column. Here, we expanded over the
first row. If you expand over another row or column, use the matrix of signs to get the operations

(signs) in the expansion correct.

Cramer’s Rule ax+by+ cz=d b 5
The solution of the system<ex+ fy+gz=h ; is given by X =—== yzgy z=3Z
ix + jy+kz=1I
ab c d b c a d c a b d
where D=le f ¢ D,=h f g D,=|e h ¢ D,=le f h
i j ok I j K i 1K i
ex: —X+2y+3z=-7 123 _5 6 _4 6 4 -5
_4x-5y+6z=-13 D=|-4 -5 6——J.‘ —2‘ +3 ‘:—1(93)—2(—6)+3(67):120
7x—8y—92=39 7 .8 -9 -8 -9 |7 -9 |7 -8
e 3 6 13 6 13 -5
D, =}13 -5 6|=-7 -2 +3 7 T|=-7(93) - 2(-117) + 3(299) = 480
-8 -9 39 -9 39 -8
39 -8 -9
-1 -7 3
~13 6| -4 6| |-4 -1
D, =4 -13 6|=- +7 + = —1(~117) + 7(-6) + 3(~65) =-120
Y 39 -9 7 -9 7 39
7 39 -9
e T 5 -13 |-4 -1 4 -y
D,=|-4 -5 -13=-1 = |-2 _° |-7| "  ]=-1(-299)-2(-65)—7(67) =-40
-8 39 7 39 7 -8
7 -8 39
x=280_, y:izoz— ,--40__1 }Answer:(4,-1,-l/3)‘
120 120 120 3
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